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ABSTRACT. Suppose M is a tracial von Neumann algebra embeddable into W° (the ultraproduct of the 
hyperfinite Ili-factor) and X is an n-tuple of selfadjoint generators for M. Denote by T(X ; m, k, 7) the 
microstate space of X of order (to, k, 7). We say that X is tubular if for any e > there exist m 6 N 
and 7 > such that if . . . , x n ), (j/i, . . . , y n ) £ T(X; to, k, 7), then there exists a k x k unitary u 
satisfying \uX{U* —yi\i < e for each 1 < i < n. We show that the following conditions are equivalent: 

• M is amenable (i.e., injective). 

• X is tubular. 

• Any two embeddings of M into 1Z W are conjugate by a unitary u £ TZ U . 



1. Introduction 

One version of Voiculescu's free entropy involves matricial microstates. Given an n-tuple of selfad- 
joint elements X = {xi, . . . , x n } in a von Neumann algebra M with trace (p, denote by T(X; m, k, 7) 
the set of all n-tuples of selfadjoint k x k matrices (a 1; . . . , a n ) such that for any 1 < p < m and 

1 < ix, .. .,i p < n, 

\tr k (a h ■ ■ ■ a ip ) - ip(x h ■ ■ ■ x ip )\ < 7 

where tr k denotes the normalized trace on the k x k matrices. Such an n-tuple (a 1; . . . , a n ) is called 
a microstate for X and the sets T(X; m, k, 7) are called the microstate spaces of X. 

One can use microstates and random matrices to obtain nonisomorphism results (for an overview 
see [9]). At some point all of these kinds of arguments rely on the fact that amenability (=hyperfinite- 
ness=injectivity by [1]; see also [2]-[6] and [8]) forces an extremely rigid condition on the microstate 
spaces. When X" is amenable then the following is true: given e > there exist m E N and 7 > 
such that for any two elements £ = . . . , £ n ), r\ — (%, . . . , rj n ) 6 T(X; m, k, 7) there exists akxk 
unitary u such that for each 1 < % < n, \u£iU* — 77^ 1 2 < e- Roughly speaking then, a microstate space 
of X is the neighborhood of the unitary orbit of a single microstate of the space. 

In this note we observe the converse. To be more exact, suppose X" embeds into and satisfies 
the aforementioned geometric property: for any e > there exist m E N and 7 > such that if 
£ = . . . , £ n ), r] = (771, ... , r] n ) E T(X; m, k, 7), then there exists akxk unitary u satisfying 
\u£iU* — t]i\ 2 < e, 1 < i < n. We show that X" is semidiscrete in the sense of [5] and thus, by [2] 
amenable. 

We also notice that this characterization is equivalent to the condition that any two embeddings 
cr, 7r of X" into 7l w are conjugate by a unitary u E 7l w . In the course of the proof we will introduce 
seemingly weaker notions of tubularity: finite tubularity, quasitubularity, and finite quasitubularity. 
All of these notions will be shown to coincide with amenability as well. 
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2. Some other characterizations of Amenability 

Throughout M will be a von Neumann algebra with tracial, faithful, normal state ip and X = 
{xi, . . . , x n } is a finite generating set of selfadjoints of M. Fix a nontrivial ultrafilter uj of N; there 
exists an obvious net i : A — > N such that for any bounded sequence of complex numbers, (c n )^i 1 , 
c^((c n )^ 1 ) = lim AeA Q( A ). 7?. will be a fixed copy of the hyperfinite Ili-factor, and 71" will be the 
associated ultraproduct construction with respect to uj and 71. Q : £°°(7l) — > 7£ w is the obvious 
quotient map. By "embedding" we mean a normal, injective *-homorphism which preserves units 
and the traces. 

We will be constantly working with finite tuples of operators and for this reason introduce the 
following, somewhat abusive notation. For an ordered n-tuple £ = {£i, . . . , £„} in a von Neumann 
algebra A and a unitary u G A u£u* = {u£iu*, . . . , «£„«*}. If F is a map from A into some set 
5, then we carelessly write F(£) for {F^), . . . , F (£„)}. If 77 = {771, ... , rj n } C A, then £ — 77 = 
{£1 — 771, . . . , £„ — r/ n } and |£| 2 = (z^™ =1 r (£j 2 )) 3 where r is a tracial state on A. We will assume 
throughout that M embeds into 71". For k G N, M fc (C) denotes the x fc matrices and [4 is the 
unitary group of M fc (C). 

Definition 2.1. A z'5 A -tubular (N G N) zj/or a/ry e > ?/zere en's? m G N and 7 > 0, swc/z ?/W 
if iii ■ ■ ■ 1 £w+i e T(A; m, fc, 7), zTze/i ?/zere exz'sfa a u <E U k satisfying \u^u* — £j| 2 < e/or iome 
l<i<j<A+l. A is finitely tubular if X is A -tubular for some A G N. A zs simply tubular if 
X is 1-tubular. 

Thus, A is finitely tubular if it can be encapsulated in the unitary orbits of no more than A of its 
microstates. Clearly, tubularity coincides with the definition given in the introduction. We have a 
similar notion for quasitubularity: 

Definition 2.2. A is A -quasitubular (N G N) if for any e > there exist m G N and 7 > 0, such that 
for any £1, . . . , £at+i G T(A; m, k, 7) zTze/ie exxsts a p (dependent on £1, ... , £;v+i) and a unitary u in 
Mfc(C) <g> M P (C) satisfying |u(£j ® J p )w* - £j (8) J p | 2 < e for some l<i<j<N+l. X is finitely 
quasitubular if X is N -quasitubular for some A. A zs simply quasitubular if X is 1- quasitubular. 

Remark 2.3. Obviously if X is A -tubular, then X is N -quasitubular. 

Lemma 2.4. 7f A zs tubular, then any two embeddings a, 7r 0/ A" into 71" are conjugate by a unitary 
in 71". 

Proof. Suppose A is tubular and a, ir : X" — > 7£ w are two embeddings. Find algebras A k C 71 such 
that for each k, A k ~ M r ( fc )(C) for some r(k) G N and such that for each 1 < j < n there exist 
sequences yj = (yj k )f =1 , Zj = (zjk)F=i e r°(7£) satisfying y jk , z jk G A fc for each k, nfe) = Q(yj), 
and cr(xj) = Q(zj). 

For each p G N there exists by tubularity a corresponding m(p) G N such that for any k G N, if 

£, rj G r(F; m(p), /c, mfj?) -1 ), then there exists & u £ U k satisfying \u£u* — rj\ 2 < p^ 1 . For each k 
pick a unitary w k G A fc ~ M r ( fc ) (C) satisfying 

max \w k y jk w* k - z jk \ 2 = inf I max \wy jk w* - z jk \ 2 ) 

l<j<n we u(A k ) \l<j<n J 

where U (A k ) (~ U k ) is the unitary group of A k . Define w = (wk)^; w G £°°(M). Given an A G N, 
for A sufficiently large {y U {\), y n i{\)), (zu(\), z ni{X) ) G T(F; m(N),i(X),m(N)~ l ) which in 
turn implies that for such A and all 1 < j < n 

\wi(x)yi(x)jW*(x) - ^(A)ih < N- 1 . 
Set u = Q(w) G 71". We have that for all 1 < j < n, <r(xj) = un(xj)u* which completes the 
proof. □ 
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Lemma 2.5. If any two embeddings a and n of M into 1Z W are conjugate by a unitary in TZ^, then X 
is quasitubular. 

Proof Suppose by contradiction that X is not quasitubular. For some e > and any m E N and 
7 > there exists an N E N and £, rj G T(X; m, N, 7) such that for all p G N, 

inf <g) J p )u* - 77 (g) I p \ 2 > e . 

ueUN P 

Thus, for each m G N we can find a corresponding N m E N and £ m , ?] m G T(X; m, iV m , m" 1 ) such 
that for any A; G Ninf uel / feJVm \u(^ m ®I k )u*—r] m ®I k \ 2 > e . Without loss of generality we may assume 
that the operator norms of any of the elements in £ m or r] m are strictly less than C = max^x ||rr|| + 1. 
For each m,TZ — M Nm (C) ® 1Z m where 1Z m ~ 7?.; define x m = £ m ® / and y m = Vm®I with respect 
to this decomposition of 7£ and set x = {x m )^ =1 and y = (y m )m=i- ^ * s not t0 ° nar d t0 see mat we 
can find two embeddings n, a : M — > 7?. w satisfying 7r(X) = and <r(X) = <5(y). 

By hypothesis there exists a unitary u G 7£ w satisfying a(x) = uir(x)u* for all x G M. We can 
find some u> = (iy m )~ =1 G l°°(1Z) such that = w. Because w is a unitary we can assume that 

for each m, w m G 1Z is a unitary. The condition cr(x) = un(x)u* implies that there exists a A G A 
such that 

|u> i( A)(&(A) 7 H*(A) - »7<(A) ® J b = ki(A)Xi(A)W* (A ) ~ 2/i(A)b < e /3C. 

Now, Wj(A) E 1Z = M N (C) ® i?j(A) and by standard approximations we can find some p £ N, 
a unital *-algebra A A ~ M Po (C) with A A C TZ^x), and a unitary -u G M n .. x) ® A\ E 1Z satisfying 
|w — lUj(A) 1 2 < eo/3C. It is then clear that 

inf |u(&(A) ® ip K - »7i(A) ® /p |2 < K&(A) ® I P0 ) U * - Vi(\) ® ipo|2 < e o- 

which contradicts the initial hypothesis. □ 

We now present a lemma which is undoubtedly known but which we will prove for completeness. 
Recall that a von Neumann algebra N is semidiscrete if there exist nets (4>j)jen, and (ipj)jen of unital 
completely positive maps <pj : N — > M nj (C), ^ : M nj (C) — > AT, n,- G N such that for any x E N, 
(4>j o ipj)(x) — > x o"-weakly. This is not the original definition of semidiscreteness found in [5] (which 
demands that the maps only have finite rank), but it is equivalent to that definition by [3] and [4]. 
Semidiscreteness, which was introduced in [5], is yet another characterization of amenability ([1] 
again). 

Lemma 2.6. Suppose A is a tracial von Neumann algebra. Assume that for some finite set of gen- 
erators F of A and any e > there exist an embedding n t of A into a tracial von Neumann algebra 
A e and a unital, finite dimensional algebra B t E A t with the property that every element ofn t (F) is 
contained in the ^-neighborhood of B t with respect to the \ ■ \ 2 -norm of A e . Then A is semidiscrete, 
and thus amenable. 

Proof. The hypothesis implies that for any finite set S of A and any e > there exists an embedding 
7r e of A into a tracial von Neumann algebra A e and a finite dimensional unital subalgebra B e of A e 
such that every element of n e (S) is contained in the e-neighborhood of B f with respect to | • \ 2 . This 
is because the elements of ir e (F) can be approximated in | ■ | 2 -norm by elements in B e with operator 
norms no bigger than the maximum of the operator norms of elements in F (one uses conditional 
expectations as we do below) and because multiplication is | • | 2 -continuous on operator norm bounded 
sets. This gives the implication for S consisting of polynomials of elements from F and the general 
case follows immediately. 
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To complete the proof it suffices to show that for any finite S E A we can construct sequences of 
u.c.p. maps (p n : A — > M kn (C) and ip n : Mk„(C) — > A, fc„ G N, such that for any normal linear 
functional / on TV, /((0 n ° i>n){x)) — > f(x) as n — > oo. Thus, let the finite subset S 1 of A be given. 
By the first paragraph for each n G N we can find a tracial von Neumann algebra A n , an embedding 
7r n : A — > A n and a finite dimensional, unital subalgebra B n of A n such that every element of S is 
contained in the n _1 -neighborhood of B n with respect to the | • | 2 -norm of A n . Define <p n : A — > _B n 
to be the composition of 7r n with the conditional expectation i? n of A n onto S n . Define F n to be the 
conditional expection of A n onto 7r n (A) restricted to so F n : B n — > 7r„(A). Define ^ n : £? n — > A 
to be the composition of F n with vr" 1 . Obviously for any x E S 

\{i>n ° <Pn){x) - x| 2 = |F fl (£ , n (7T n (x))) - 7T n (x)| 2 < |-B„(7T n (x)) - 7r n (x)| 2 < 

Now ((^ n o(j) n ) (x))™ =1 is a sequence in A uniformly bounded in the operator norm and (vp n o(f) n ) (x) — > 
x in the | • | 2 -norm. This implies (ip n o <p n )(x) — > x cr-weakly for every x E S. 

□ 

Remark 2.7. Suppose N is a von Neumann algebra, and A C N is a von Neumann subalgebra. 
By the above lemma if for some finite set of generators F of A and any e > there exists a finite 
dimensional algebra B C N such that every element of F is contained in the e-neighborhood of B 
with respect to | • | 2 , then A is amenable. 

Lemma 2.8. If X is quasitubular, then M is amenable. 

Proof. For each m E N there exist a k(m) E N and a £ m = (£i m , . . . , £ nm ) G T(X; m, k(m) , m~ r ) . 
TZ = n 1 0n 2 ®Tl 3 where Ki ~ K, i = 1, 2, 3. Define for 1 < j < n, = (/®0™® J )m=i e 
where / <g> £ jm <g> I E H x <S> # m ® Tl 3 E Hi ® 7l 2 ® K3 = ft and M fc(m) (C) ~ 73 m C i2 2 . It is clear 
that there exists a (trace preserving) embedding n : X" — > i? w satisfying n(xj) = Q(yj). Given e > 
we can find by quasitubularity an m G N such that for any k E N and £,77 G r(X; m , fc, Wq x ) there 
exists a corresponding G N and unitary w of M k (C) ® M p ( fc ) (C) satisfying <8> I p (k))u* — 77 (g> 
J p ( fc ) | 2 < e. Fix once and for all, an TV G N such that there exists a( G T(X; m , N, m^ 1 ). We can 
regard ( as a subset of 7£i by finding a copy A of the iV x N matrices in 1Z 1 and for each m consider 
( <E> I <E> 1,1 ® £ ® I C (A® B rn ) ®ft% Eft. For each m we can find an algebra D m isomorphic to 
a full matrix algebra, and a unitary u m of A ® £> m ® 7J m such that 

|Um(C ® J ® J ) M m - J ® i ® !\i < e - 
Define p : A — > 7^ by p(rr) = Q(u m (x <g> I <g> I)u^™ =1 . We have now shown that for e > 0, every 
element of 7r(X) is within the | • | 2 e-ball of the finite dimensional full matrix algebra p(A). 

By the remark this implies that the von Neumann algebra generated by n(X) is semidiscrete, and 
hence, amenable. Since ir is an isomorphism, X" = M is amenable. □ 

At this point we have already demonstrated the equivalence claimed in the introduction. We will 
now prove e more. Notice that the content of the observation below is the implication that finite 
quasitubularity implies amenability. This will be very much like the proof above modulo some tech- 
nicalities. We could have gone straight to the following more technical argument without proving 
Lemma 2.8, but the proof of Lemma 2.8 has the advantage of being more lucid. 

Lemma 2.9. The following are equivalent: 

(1) M is amenable. 

(2) X is tubular. 

(3) X is finitely tubular. 

(4) X is quasitubular. 

(5) X is finitely quasitubular. 
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(6) Any two embeddings of M into are conjugate by a unitary in IZ^. 

Proof. By [2] M is amenable iff M is hyperfinite and thus by [7], X must be tubular. Hence, (1) =>- 
(2). By Lemma 2.4, (2) =>> (6) and by Lemma 2.5 (6) =>• (4). Clearly (4) (5). 

I will now show (5) =>- (1). Suppose X is finitely quasitubular. Find the smallest N E N for 
which X is iV-quasitubular. By Lemma 2.6 we can assume N > 1. X is not (N — 1) -quasitubular, 
which implies that we can find some e x > 0, such that for any m E N there exists some k E N, and 
£i, . . . , £ N E T(X; m, k, m~ l ) such that for any p E N and unitary u of M k (C) ® M P (C), 

min ® 7 p )*u* - <g) 7 P | 2 > ei. 

l<i<j<N 

Let ex > e > be given. There exists an m G N such that if £ 1; . . . , £jv +1 E T(X; m , k, m^ 1 ) then 
there exists some p E N and unitary -u in M fco (C) ® M p (C) (w and p dependent on the £j) satisfying 
<8> 7 p )w* — 77 1 2 < e for some l<?<j<A r + l. On the other hand, by our initial remark, there 
is some k(0) E N, and %, . . . ,r/ N E T(X; m , k(0), v ) such that for any p E N and unitary w of 

M fc(0) (C)(8)Mp(C), 

(1) min (8) 7 p )ii* - <g) 7 P | 2 > ei > e. 

l<i<j<N 

Now there exists a sequence (Cm)m=i sucn mat f° r eacn m there exists a fc(m) G N with ( m E 
T(X; to, k(m),m^ 1 ). Identifying M fe ( )fe( m )(C) with M fe ( )(C) ® M fc ( m )(C) for all m > m we have 
that £1® 4 (m) , ... ,€ N <8>h(m), 4(o)® Cm G r(X;m ,A;(0)A;(m),mo 1 ). (1) and the N-quasitubularity 
of X implies that there must exist an 1 < i m < N, a p m E N, and a unitary it m of M fc ( )fc( m )(C) ® 
M Pm (C) satisfying 

(2) \u m {£i m <E> - Cm ® 7 Pm | 2 < e. 

(i m )m=i * s a sequence taking integral values between 1 and N and thus i m = i for some 1 < i < N 
and infinitely many to. Without loss of generality assume i mq = 1 for some increasing sequence 

(m 9 )~ l0 fN. 

For each q E N set 9 q = ( mq E T(X; m q , k(m q ), m^ 1 ). 1Z = TZ\ <S> TI2 ® 7£ 3 where TZi ~ 1Z, 
i = 1,2,3. Define Y = (I ® 9 q <g> 7)^ G (£°°(7e)) n where I ®9 q ® I E TZ X <g> B q <g> Tl 3 c 
72-1 <E> 72-2 <E> 72-3 = 7?. and M fc ( m<j )(C) ~ £? 9 C i?2- Because Hindoo m g = 00, it is clear that there 
exists a (trace preserving) embedding n : X" — > R u satisfying n(X) = Q(Y). We can regard £1 
as a subset of 7£i by fixing a copy A of the k(0) x &;(0) matrices in TZi and for each q consider 
^i®/®/,/(8^®/C (A ® £> m ) ®1Z% ElZ. For each g (2) provides an algebra D g isomorphic to 
a full matrix algebra, and a unitary t> q of A <8> i3 9 <8> D q such that 

K(6 ®I® I)v* - I ®9 q ® I\ 2 < e. 

Define p : A — > by = Q{v q (x <8> 7 <8> 7)f We have shown that every element of vr(X) 
is within the | • | 2 e-ball of the finite dimensional full matrix algebra Thus, for every e > there 
exists an isomorphic copy of M in 1Z U such that X identified in W with respect to this embedding 
is within the | • | 2 -e ball of a finite dimensional subalgebra of TZ U . It follows that M is amenable by 
Lemma 2.6. (1) follows. 

We now have the equivalence of conditions (1), (2), (4), (5) and (6). To conclude, (3) =^ (5) = (2) 
=^ (3) so condition (3) is equivalent to all the other conditions as well. □ 

Remark 2.10. It should be fairly obvious to the reader by now that conditions (l)-(6) of Lemma 2.9 
are equivalent to the condition that there exist finitely many embeddings ~K\ , . . . , ir n of M into 1Z W 
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such that for any other embedding a of M into 71", there exists a 1 < % < n and a unitary u in TZ" 
such that a is conjugate to Hi via u. 
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